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An Example of a Non-simplicial L-type Domain
PETER ENGEL AND VIACHESLAV GRISHUKHIN
We present an example of a non-simplicial five-dimensional L-type domain of forms on five vari-
ables. Its closure has 10 non-simplicial facets each having five extreme rays. This domain is the
L-type domain of the form 42.240 of Table 2 of [4] and of the lattice D∗5 , the dual of the root lattice
D5.
c© 2001 Academic Press
Voronoi [6] defines a partition of the cone Pn of positive semidefinite n-ary quadratic func-
tions into L-type domains. Functions of the same L-type domains have lattices that determine
affinely equivalent partitions of Rn into Delaunay polytopes. Voronoi proved that each L-type
domain is an open polyhedral cone of dimension k, 1 ≤ k ≤ N , where N = n(n+1)2 is the di-
mension of Pn , i.e., the dimension of the space of coefficients of f ∈ Pn . An L-type domain
having an N -dimensional domain is called general. Otherwise, an L-type domain is called
special.
In [1], the notion of the non-rigidity degree of a form f and the corresponding lattice L( f )
is introduced. It is denoted by nrd f and is equal to the dimension of the L-type domain
containing f . It is shown in [1] that nrd f is equal to the corank of a system of equalities
connecting the norms of minimal vectors of cosets 2L in L . This system is generated by
affine dependences of vertices of Delaunay polytopes of f .
Consequently, 1 ≤ nrd f ≤ N , and nrd f = N if f belongs to a general L-type domain. A
form f and the corresponding lattice L( f ) are called rigid if nrd f = 1. Sometimes, a rigid
form is called an edge form.
The set of all L-type domains is partitioned into classes of unimodularly equivalent do-
mains. For n ≤ 3, there is only one class, i.e., only one general L-type. For n = 4, there are
three general L-types.
For n ≤ 4, all L-type domains are simplicial, i.e., the closure of a k-dimensional domain
has k facets and k extreme rays. In [6], Voronoi paid special attention to this fact. However,
for n = 5, there are non-simplicial L-type domains. In 1972, Barnes and Ternery [2] first
noticed this fact. In 1976, Ryshkov and Baranovskii [5] mentioned (see the end of Section 13)
that non-simplicial L-type domains are typical. For some non-simplicial domains, the authors
present their numbers in Table III of [5] as well as the numbers of extreme rays of these
domains.
In this paper we explicitly describe an example of a five-dimensional special non-simplicial
L-type domain for 5-ary quadratic functions. This special L-type domain is a facet of the
closure of several general L-type domains which are therefore also non-simplicial.
We take a representative form of this domain from Table 2 of [4]. This form is denoted in
Table 2 by the symbol 42.240. This symbol (the same applies to the form symbols mentioned
below) means that the Voronoi polytope of this form has 42 facets and 240 vertices. We denote
this form by f0.
Let {b1, b2, e1, e2, e3} be the basis corresponding to f0. Then the coefficients of the form
f0 are as follows:
b21 = b22 = 5, b1b2 = 3, b1ei = b2ei = −2, e2i = 4, i = 1, 2, 3, ei e j = 0, 1 ≤ i < j ≤ 3.
The coefficients of f0 take a more symmetric form if we apply the unimodular transforma-
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tion changing b2 to e4 = b2 − b1. The coefficients of the transformed form are
a55 = b2 = 5, ai5 = bei = −2, ai i = e2i = 4, 1 ≤ i ≤ 4, ai j = ei e j = 0, 1 ≤ i < j ≤ 4,
where b = b1. We denote this form by fE and let D( fE ) be the L-type domain containing
fE .
The aim of this paper is to prove the following theorem.
THEOREM 1. The domain D( fE ) lies in a five-dimensional space which is an intersection
of 10 hyperplanes given by the following equalities:
ai j = 0, 1 ≤ i < j ≤ 4, 2ai5 + ai i = 0, 1 ≤ i ≤ 4. (1)
The domain D( fE ) is cut from this space by the following inequalities:
ai i + a j j < 2a55, 1 ≤ i < j ≤ 4, (2)
2a55 <
4∑
l=1
all − akk, 1 ≤ k ≤ 4. (3)
The closure of D( f ) has 10 extreme rays f k0 , f k2 , 0 ≤ k ≤ 4, with the coefficients ai j of these
forms defined as follows (where the term akk( f k0,2) should be omitted if k = 0):
ai i ( f k0 ) = 2γ, 1 ≤ i ≤ 4, i 6= k, akk( f k0 ) = 0, a55( f k0 ) = 2γ.
ai i ( f k2 ) = 2γ, 1 ≤ i ≤ 4, i 6= k, akk( f k2 ) = 4γ, a55( f k2 ) = 3γ.
The six inequalities (2) and four inequalities (3) define 10 facets of the closusre clD( fE ). All
facets are domains of equivalent L-types, each having five extreme rays f i2 , f j2 , f k0 , f l0 , f m0 ,
where (i jklm) is a permutation of (12345). In addition, clD( fE ) has 30 three-dimensional
simplicial faces of the same L-type, 25 simplicial 2-faces spanned by f i0 , f j2 , i, j ∈ N5, and
10 simplicial 2-faces spanned by f i0 , f j0 , 0 ≤ i < j ≤ 4.
If we set
ai i = 2γi , 1 ≤ i ≤ 4, a55 = α, then ai5 = −γi . (4)
Hence f ∈ D( fE ) has the following explicit form:
f (x) =
(
x5b +
4∑
i=1
xi ei
)2
= αx25 + 2
4∑
1
γi x
2
i − 2
4∑
1
γi xi x5. (5)
If f = fE , then α = 5, γi = 2, i = 1, 2, 3, 4.
If we set γ0 = 2α −∑4i=1 γi , and e0 = −(2b +∑4i=1 ei ), then we have
e20 = 2γ0, be0 = −γ0 and e0ei = 0, 1 ≤ i ≤ 4.
Set N4 = {1, 2, 3, 4} = {i, j, k, l} and N5 = {0, 1, 2, 3, 4} = {i, j, k, l,m}. For S ⊆ N4 or
S ⊆ N5, let e(S) =∑i∈S ei . We have the following identities:
α = 12
∑
i∈N5
γi , b = − 12
∑
i∈N5
ei = − 12 e(N5). (6)
We see that, for f ∈ D( fE ), the lattice L( f ) is generated by b and any four vectors from the
five mutually orthogonal vectors ei , 0 ≤ i ≤ 4. In the basis {ei : 0 ≤ i ≤ 4}, each vertex of
L( f ) has integer or half-integer coordinates.
An example of a non-simplicial L-type domain 493
Note that the following forms of Table 2 of [4] (or forms unimodularly equivalent to them)
belong to the closure of D( fE ) (recall that the non-rigidity degree of f is the dimension of
the L-type domain to which f belongs; it is denoted by nrd f ):
f (L2) = 42.96: α = 3, γi = 1, i = 0, 1, 2, 3, γ4 = 2, (of nrd 1).
42.132-1: α = a + 2b, γ1 = a, γ0 = γ2 = γ3 = b, γ4 = a + b, (of nrd 2).
42.132-2: α = 2(a + b), γ1 = a, γ2 = b, γ0 = γ3 = γ4 = a + b, (of nrd 2).
42.168: α = a + b + c, γ1 = a, γ2 = b, γ0 = γ3 = c, γ4 = a + b, (of nrd 3).
42.204: α = a + b + d, γ0 = c, γ1 = a, γ2 = b, γ3 = d, γ4 = a + b + d − c, (of nrd 4).
fE ≡ 42.240: α = 5, γi = 2, i = 0, 1, 2, 3, 4, (of nrd 5).
We draw attention to the fact that the inequalities (2) and (3) in terms of the parameters α
and γi take the form
γi + γ j < α, 0 ≤ i < j ≤ 4. (7)
Note that if i = 0, then the inequality γi + γ j < α is equivalent to the inequality α <
γk + γl + γm , such that {i, j, k, l,m} = N5. Since γk + γl < α < γk + γl + γm , we see that
the inequalities (7) imply the inequalities γi > 0, i ∈ N5.
PROOF OF THEOREM 1. We proceed as follows. For a function f given by (5), we find
the Voronoi polytope and the partition into Delaunay polytopes. We show that the affine type
of the Voronoi polytope and the Delaunay partition does not change if the parameters of f
change such that they satisfy (7). Since the parameters of fE satisfy (7), this implies that
D( fE ) is in fact the L-type domain of fE .
On the other hand, we show if at least one of inequalities (7) holds as equality for parameters
of a function f , then the L-type of f differs from the L-type of fE .
To find the Voronoi and Delaunay polytopes of f given by (5), consider the cosets of 2L
in the lattice L = L( f ). Each coset Q(S, z) is described by a set S ⊆ N4 and a number
z ∈ {0, 1} indicating the parity of the b-coordinate of a vector a ∈ Q(S, z). Note that the
vector e(N5) = −2b belongs to the trivial coset Q(∅, 0) = 2L . Hence the vectors e(S) and
e(N5 − S) belong to the same coset for any S ⊆ N5. This coset is Q(S, 0) if 0 6∈ S, and
Q(N5 − S, 0) if 0 ∈ S. In particular, e0 belongs to Q(N4, 0), and it is minimal in this coset.
Moreover, we have b + e(S) = −(b + e(N5 − S)). So the 32 vectors b + e(S), S ⊆ N5, are
partitioned into 16 pairs of opposite vectors.
Note that e2(S) = ∑i∈S e2i = 2∑i∈S γi and, according to (6), ∑i∈S γi +∑i∈N5−S γi =
2α. Taking in attention (7), we see that, for |S| = 2, the norm of e(S) is less than the norm of
e(N5 − S) = e(T ) for |T | = 3, S, T ⊂ N5.
If f go to the boundary of D( fE ), then the sets of minimal vectors of some cosets change.
At first we describe the 21 simple cosets which are constant on the closure of D( fE ). The
norm of minimal vectors of a coset is also called the norm of the coset. These are the following
cosets:
• The five cosets Q({i}, 0), i ∈ N4, and Q(N4, 0) of norms 2γi , i ∈ N5, with minimal
vectors e1, e2, e3, e4 and e0 = −(2b + e(N4)), respectively.
• The 16 cosets Q(S, 1) of norm α with minimal vectors b + e(S), S ⊆ N4.
• The 10 non-simple cosets of L( f ) change when f belongs to the boundary of D( fE ).
These cosets Q(S, 0), S ⊂ N4, |S| = 2, 3, have norms 2(γi + γ j ) with minimal vectors
ei ± e j , and (if α = γi + γ j ) ek ± el ± em , where {i, j, k, l,m} = N5.
Recall that minimal vectors of simple cosets determine facets of the Voronoi polytope.
Consider a point x ∈ R5 in the basis {ei : i ∈ N5}, x = ∑i∈N5 xi ei . Then x belongs to the
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Voronoi polytope P of L( f ) if the inequalities
−v
2
2
≤ xv ≤ v
2
2
hold for all minimal vectors v of simple cosets of L( f ). Using (1), (4) and the identity b =
− 12
∑
i∈N5 ei , we obtain the following system of inequalities describing the Voronoi polytope
of L( f ):
− 12 ≤ xi ≤ 12 , i ∈ N5, (8)
− 12α ≤
∑
i∈N5
γiεi xi ≤ 12α, εi ∈ {±1}, i ∈ N5. (9)
Here the inequality (9) is given by minimal vectors of Q(S, 1) such that εi = 1 if i ∈ S, and
εi = −1 if i 6∈ S.
Note that
∑
i∈N5 γiεi xi is the linear function on εi xi taking a maximal value if εi xi ≥ 0 for
all i ∈ N5. Hence the right inequality in (9) holds as an equality for a vertex x only if εi xi > 0
for xi 6= 0.
An analysis of the system (8), (9) shows, that for each vertex x there is the opposite vertex
−x , and x has the following coordinates:
xi = 12εi , x j = 12ε j , xk =
εk
2γk
(α − (γi + γ j )), xl = 0, xm = 0. (10)
There are 3
(5
2
) = 30 positive vertices of this type. Taking into account signs, we obtain
2330 = 240 vertices of the Voronoi polytope. We denote the vertex (10) by x(k; l,m).
The lattice points nearest to x(k; l,m) are
0, vi , v j , vi + v j , bi j , bi j + el , bi j + em, bi j + el + em,
where vi = εi ei , v j = ε j e j , bi j = b + 12 ((1+ εi )ei + (ε j + 1)e j ).
The convex hull of these eight lattice points is the Delaunay polytope of L( f ) with its
center in x(k; l,m). We denote this polytope by P(k; l,m). It is easy to see that P(k; l,m)
is the convex hull of two rectangles {0, viv j , vi + v j } and bi j + {0, el , em, el + em} spanning
two orthogonal 2-planes. If α > γi + γ j , then the centers of these two rectangles are distinct
and the line connecting their centers is parallel to ek . These two rectangles are only symmetric
faces of P(k; l,m).
If α = γi + γ j , then xk(k; l,m) = 0, and the three vertices x(k; l,m), x(l; k,m), x(m; l, k)
are glued into one vertex. In this case the centers of two rectangles of P(k; l,m) coincide,
and the rectangle spanned by el and em is transformed into the cube spanned by el , em and ek .
In other words, the Delanay polytopes P(k; l,m), P(l; k,m) and P(m; k, l) are glued into a
unique Delaunay polytope. This means that if α = γi + γ j , then the L-type of f changes.
We see that only affine dependencies between vertices of Delaunay polytopes P(k; l,m)
are implied by the squares. It is shown in [1] (and it is not difficult to verify) that these
dependencies imply equations between norms that are equivalent to equalities of lengths of
diagonals of the rectangles. But the lengths of diagonals are just the norms of minimal vectors
of non-simple cosets.
Now, we show that equating norms of minimal vectors of non-simple cosets we obtain that
nrdL( f ) = 5 for f ∈ D( fE ). The equality (ei + e j )2 = (ei − e j )2 implies ei e j = 0,
0 ≤ i < j ≤ 4. For j = 0, we have ei e0 = −ei (2b + e(N4)) = 0. Since ei e j = 0, this
equality is equivalent to 2bei = −e2i . If we set bei = −γi , b2 = α, we obtain the original
function f .
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We saw that if α = γi + γ j for some i, j ∈ N5, then the L-type of f changes. Hence each
of the 10 equalities α = γi + γ j , i 6= j ∈ N5, defines a facet of the closure of D( fE ). We
denote this facet by Fi j .
Now we find the extreme rays of clD( fE ), i.e., the rigid forms. Each extreme ray is given
by an intersection of four independent facets. In other words, the corresponding rigid form
satisfies four independent equalities of type γi + γ j = α. There are the following two
types of systems of four independent equalities having distinct solutions (we use the iden-
tity
∑
i∈N5 γi = 2α):
(1) α = γi+γk , i ∈ N5−{k}. This system has the solution: γi = γ , i ∈ N5−{k}, γk = 2γ ,
α = 3γ .
(2) Any system of four independent equalities of type α = γi + γ j , i 6= j ∈ N5 − {k},
implies all the six equalities α = γi + γ j , i 6= j ∈ N5 − {k}. This system has the
solution γi = γ , i ∈ N5 − {k}, γk = 0, α = 2γ .
The systems of type (1) give five rigid forms equivalent to the form 42.96, depending on for
what k the equality γk = 2γ holds. We denote these forms f k2 , k ∈ N5.
The system of type (2) gives five degenerated rigid forms depending on for what k the
equality γk = 0 holds. Each of the lattices corresponding to these forms is isomorphic to the
four-dimensional root lattice D4. We denote these forms by f k0 , k ∈ N5.
Now, having these 10 extreme rays of the closure of the domain D( fE ), it is not difficult
to describe faces of the closure. It is easy to see that the facet Fi j contains the following five
extreme rays (we denote by ex F the set of extreme rays of a face F):
ex Fi j = { f i2 , f j2 , f k0 , f l0, f m0 }, where {i, j, k, l,m} = N5.
This shows that all facets have the same L-type, namely the L-type of the form 42.204.
In addition, we have that the intersection Fab ∩ Fcd is one-dimensional if {ab} ∩ {cd} = ∅.
Hence the intersection defines a face of dimension 3 only if |{ab} ∩ {cd}| = 1. Namely, for
j 6= k, ex(Fi j ∩ Fik) = { f i2 , f l0, f m0 }. We denote this face by Fi, jk .
We see that clD( fE ) has 30 three-dimensional faces Fi, jk , i 6= j 6= k ∈ N5. All the 3-faces
are simplicial and have the same L-type, namely the L-type of the form 42.168. Since 3-faces
are simplicial, the decomposition of any form of a 3-face by extereme rays is unique. For
example, we have the following decomposition:
42.168 = (a + b − c) f 42 + (c − a) f 10 + (c − b) f 20 .
There are two types of 2-faces, i.e., of two-dimensional intersections of 3-faces (as usual,
{i, j, k, l,m} = N5):
(1) ex(Fi, jk ∩ Fi, jl) = { f i2 , f m0 };(2) ex(Fi, jk ∩ F j,ik) = { f l0, f m0 }. This 2-face is also contained in the 3-face Fk,i j .
Since we have the decompositions 42.132-1=a f 42 + (b − a) f 10 and 42.132-2=a f 20 + b f 10 ,
2-faces of types (1) and (2) have the L-types of the forms 42.132-1 and 42.132-2, respectively.
Consequently, Theorem 1 is proved. 2
In [3], the Voronoi and Delaunay polytopes of the lattice D∗n , the dual of the root lattice
Dn , are described. It is easy to see that these polytopes of D∗5 have the same combinatorial
types, i.e., the same face posets, as Voronoi and Delaunay polytopes of the lattice L( f ) for
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any f ∈ D( fE ). In addition, D∗5 = 2L( fE ). This means that the non-rigidity degree of D∗5 is
equal to 5, and D( fE ) is the L-type domain of D∗5 , too.
Recall that, for n = 5, a general L-type domain has dimension N = 15. The five-dimensional
domain D( fE ) is a five-dimensional face of several general L-type domains. Let D15 be such
a general domain. Then clD15 has 20 extreme rays, namely 10 extreme rays of D( fE ) and 10
extreme rays spanned by edge forms of rank 1. An analysis of Table III of [5] shows that there
are seven such general L-type domains. Their numbers in Table III are 1, 2, 6, 9, 12, 18, 28.
These L-type domains belong to C-type domains with numbers 1, 2, 3, 4, 5, 6, 7, respectively.
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